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In this paper I review some old and new works on the computation 
of two-loop 4-particle amplitude in superstring theory. I also present 
the proof by Iengo, showing the vanishing of the term related to the 
D , two-loop correction to the R 4 term. Finally I will present some recent 



works on two-loop computation in hyperelliptic language following the 
new gauging fixing method of D'Hoker and Phong. 
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1 String perturbation theory 

In the Polyakov approach to string perturbation theory, the particle ampli- 
tude is given as 

P(geometry)"D(string coordinates) 



Vol. (symmetry group) 
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x / H^ZiVik^e^z^z^e s , (1) 

jTt i=l 

where V(ki, ef, z i: zi) is the vertex for the emission of the z-th particle with 
momentum k{ and polarization tensor £j. 

For bosonic string theory 1 the action S is given as follows: 

S = J d 2 a^gg ab d a X ■ d b X, (2) 

where X are string coordinates describing the embedding of string in space- 
time, g a b (g ab = {g~ l )ah is its inverse) is the world-sheet metric and a a (a = 
1,2) are local coordinates on the world-sheet. It is not difficult to see that 
this action has the following symmetries: 

• Reparametrization of the coordinates a a ; 

• Weyl rescaling of the metric g a b — > e^^g a b; 

• Global symmetries of X: X — > A ■ X + A. 

The first step of string perturbation theory is to factor out all the sym- 
metries of the path integral and write the amplitude as an integral over the 
moduli space. To achieve this we decompose an arbitrary variation of the 
metric g a b as follows: 

5g-zz = X7- Z v- Z + 2g Z z6y i f4 z , (3) 

where n\ z, s are called Beltrami differentials. They can be contracted with 
the holomorphic 2-differentials <p l as follows: 

<0\^ = </iW> = /d 2 ^L/4* (4) 

The presence of the last term in (J3J) indicates that there are non-trivial moduli 
which are denoted by y z, s. It can be proved that the moduli space can be 
given a complex structure and so we will use y 1 as complex coordinates of the 
moduli space. By factoring out the symmetry group the partition function 

^^We consider only oriented closed string theory in this paper. 
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at genus g > 2 is given as follows 2 : 

3 fr 3 ,2... Idet^V)!* 



J 9 1=1 



Here det' denotes an determinant omitting the zero eigenvalue. By introduc- 
ing ghost fields we have 



3g-3 3g-3 

Z p = / J] d ¥ / ^P^c&c] I] \(b,^)\ 2 e- s ^- s ^ b ' c ' b ' 5 K (7) 

"' M 9 j=l ' i=l 

The above can also be extended to superstring theory. Here the natural 
formalism is a super extension of the world-sheet, i.e. N — 1 supergeometry. 
The analog of Riemann surfaces and moduli space will be super Riemann 
surfaces and supermoduli space. A complete account of this formalism can 
be found in pQ. The measure was first derived in [2|. Here we only briefly 
recall the result. 

For superstring theory the action is given as follows: 

-Vl^Xnd^ - -^l^XntXmr)) • (8) 

This action is constructed so as to be invariant under diffeomorphisms, local 
N = 1 supersymmetry, Weyl and super Weyl transformations of the world- 
sheet. In super conformal gauge it reduces to the following form: 

s = i- y d 2 z(d z X ■ d- z x - </>+ ■ - *l>- ■ 

+ X 2 + ^+ ■ d z X + Xz -i/>- ■ d- z X - l -x^ Xz ~^ ■ (9) 

Following the same strategy as in bosonic string theory, we decompose an 
arbitrary variation of Xs + as follows: 

2g-2 

X - z + = dMz,z)+ Ep a X-- + , (10) 

a=l 



2 {<f) l \<j>') is defined as follows: 

/ dPz^iPYft. (5) 



3 



where p a, s are odd super-moduli and Xaz + are a basis of super Beltrami 
differentials. The presence of the last term (containing p a ) in (jl(J|) signifies 
the presence of non-trivial super-moduli, i.e. we cannot set Xs + to zero 
completely by supersymmetry transformations. For our convenience we can 
choose delta function for these differentials: 

Xz - = d z e(z,z) + Y,P a S 2 (z-r a ), (11) 

a 

Xz + = d 2 e(z,z) + J2p a S 2 (z-L). (12) 

a 

It is important to choose r a ^ Ij, for any a, b. Otherwise the last term in 
eq. will give a non-vanishing contribution, violating the splitting of the 
integrand into a product of left part and right part. 

The final formula for the measure after integration over super-moduli p a 
is given as follows: 

Z 9>i = I ]Jd 2 mi fv[X^bc^bc^}e- {s[x ^ ]+s ^ lb ' cM ^ 

JMg i J 

x II <K/^<0) J (la) IK/^j x ( anti-holomorphic part), (13) 

a i 

where J(z) is the total supercurrent: 

J(z) = -^(z) ■ d z X(z) + ^b(zHz) - ~/3(z)d z c(z) - d z (3(z)c(z). (14) 

Here the subscript "— " for ip is omitted as the variable z will indicated 
weather it is left-handed or right-handed. 

2 One-loop amplitudes 

Green and Schwarz computed one-loop amplitudes before 1982. You can find 
these computations in their papers E] and the book of Green, Schwarz and 
Witten A modern version can be found also in the big book of Polchin- 
ski jS]. What we will do here is to repeat this calculation in hyperelliptic 
language of the Riemann surface |H1 El UH1 HI] • 

First we remind that a genus-g Riemann surface, which is the appropriate 
world sheet for one and two loops, can be described in full generality by means 
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of the hyperelliptic formalism. This is based on a representation of the surface 
as two sheet covering of the complex plane described by the equation: 



2g+2 



y [z 



)= n 



(15) 



The complex numbers Oj, (i — 1, • • • , 2g + 2) are the 2g + 2 branch points, 
by going around them one passes from one sheet to the other. For one-loop 
(g = 1) one of them represent the moduli of the genus 1 Riemann surface 
(the torus) over which the integration is performed, while the other three can 
be arbitrarily fixed. 

Also in g — 1, by choosing a canonical homology basis of cycles we have 
the following list of three even spin structures: 



s 2 



S3 



s 4 



1 







1 



(aia 2 |a 3 a 4 ), 
(aia 3 |a 2 a 4 ), 
(aia 4 |a 2 a 3 ). 



(16) 
(17) 
(18) 



We will denote an even spin structure as {A 1 A 2 \B 1 B2). The one odd spin 
structure s± gives a vanishing contribution to the n-particle amplitude for 
n < 4 because of the presence of zero modes. 

For even spin structures there is no odd supermoduli and the n-particle 
amplitude (for n < 4) is given as follows: 

/n n 
du]Jd 2 ^^?7 s Q s (J]\/(A; i ,e i ;^,^)) s x (right part), (19) 
i=l s j=l 

where the measure d/z is (in terms of the branch points): 

t4 j2, 



d/j, 



1 IltidWd^ 

I rii<jf 



(20) 



for type II superstring theory. Q s = (Ai — A 2 )(Bi — B 2 ) are spin structure 
dependent factors from the determinants and r] s are phases which guarantee 
modular invariance. Here in hyperelliptic Riemann surface language modular 
invariance is just the invariance under the permutations of the 4 branch 
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points. The other quantities appearing in eq. (|2Uj) are T = J , ^f, 2 and 
du = d a » d a J d "fc j n dX^l) the summation over spin structures was written 
only for the left part. Appropriate factor of Q s < and the summation over s' 
are vaguely denoted as (right part). 

By explicit calculation we have the following identities: 

A = J2VsQ s = 0, (21) 

s 

Y,ri.Q.(W{zx)W{z*)W(to) = 0, (22) 

s 

Y,VsQs(^(zi)^(z 2 )^(z 3 )^(z 4 ) 0, (23) 

s 

^TjsQsSsiz!, Z 2 )S s (z 2 , Z 3 )S S (Z 3 , Z 4 )S S (Z4, Z\) = H»<j( a » a j) ^ ^ 

s iU=i y{ z i) 

Here in eq. (121)) we can arbitrarily fix rj 2 = 1 and the other two rjs's can be 
deduced by the requirement of modular invariance. In fact modular invari- 
ance here means the antisymmetric property of the cosmological constant A 
under the interchange of two arbitrary branch points <2j <-> aj. 

By using these identities we found that the cosmological constant and 
n-point function (n < 3) are zero point-wise in moduli space. By using eq. 
({2I| we can compute the left (holomorphic) part of the 4-point amplitude 
and the result is: 

(4 — point : left part) = (kinematic factor) x ^ l< ^ % — J_ (25) 

IU=iV{zi) 

and the full amplitude (for type II superstring theory and bosons from the 
NS-NS sector) is then 



A A (ki,ei) = K(ki,6i) J — 



1 ntidVd^ 



pr 



rii<j a tj i 



4 d 2 z,. 



x II I 7 Ni2 ex PE^ ■ kjiXiz^z^Xiz^Zj)}), (26) 

i=i \y\ z i)\ i<j 

where K is the same kinematic factor as found in tree-level amplitude. This 
result is identical with the one obtained in the 0-function formalism [HE]: 



A A (ki,€i) = K{ki,€i) / 



d 2 T 

f (Imr) 6 
6 



i=l i<j 

This can be proved by using the following transformations: 

i& = d * (29) 

T=|Aflmr, „( z ) = JL^.. (30) 

For — > the 4-particle amplitude can be computed exactly. A non-zero 
result is obtained apart from the kinematical factor: 

Ai(ki,€i) -> K(ki,€i) x | . (31) 
This shows that the one-loop correction to the i? 4 term ^2] is non- vanishing. 



3 Two-loop amplitudes 



Here at two loops we use the same strategy as at one loop. There are ten 
even spin structures which we list in the following: 



si 



S 3 



S5 



S7 



S 9 



1 1 

1 1 

1 



1 





1 



1 



(aia 2 a 3 |a4a 5 a 6 ), s 2 r 

(aia 3 a 4 |a 2 a 5 a 6 ), s 6 r 

(aia 3 a 6 |a 2 a 4 a 5 ), s 8 <~ 

(ctia4ag|a 2 a 3 a5), Sxo 



1 1 



1 " 
1 

" 



" 

1 1 

1 

1 



( CI 1 (2 2 CI4 1 Cl 3 O5 Qg ) , 

(aia 2 a 6 |a 3 a4a 5 ), 
(aia3a 5 |a 2 a4a 6 ), 
(aia 4 a 5 |a 2 a 3 a 6 ), 

(J 2 (2 3 (24 ) . 



We will denote an even spin structure as (AiA 2 A 3 \BiB 2 B 3 ) . By convention 
A± = a±. As in one loop the spin structure dependent factor from determi- 
nants are encoded in the following factor [13J: 

Q s = H(A i -A j )(B i -B j ), (32) 



i<j 
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which is a degree 6 homogeneous polynomials in Oj. 

At two loops there are two odd supermoduli and this gives two insertions 
of supercurrent at two different points x\ and x 2 . As it was done in it 
is quite convenient to choose these two insertion points as the two zeros of a 
holomorphic abelian differential which are moduli independent points on the 
Riemann surface. In hyperelliptic language these two points are the same 
points on the upper and lower sheet of the surface. 

As in one loop we can prove the following identities: 

A = £^E(^-5D = 0, (33) 

a i=l 

u(z 1 )u(z 2 ) u(z 3 )u(z 4 ) \ 




u(z 3 )u(z 4 ) u(zi)u(z 2 ) 
u(z 1 )u{z 2 ) u{z 3 )u(z A ) 
u(z 3 )u(z 4 ) u(z 1 )u(z 2 ) 
2P(a)U 2 i=i(zi- z 3 )( Zi - z 4 ) f I n =l, 
IlUvte) I XLi<K-TLi*k n = 2. 



(34) 




(35) 



By using these identities we found that the cosmological constant and n- 
point function (n < 3) are zero point-wise in moduli space f3JE3. Moreover 
for the 4-particle amplitude the "cross contraction" terms 

(J(x 1 )^N)(J(x 2 )^( % )(---)), (36) 

also gives vanishing contribution after summation over spin structures. By 
using eq. (J55j) we can compute explicitly the 4-particle amplitude. The 
difficult part is to compute the ghost contributions and this has been achieved 
in ^01 E] • The full amplitude (for type II superstring theory and bosons 
from the NS-NS sector) is PUDS]: 

AII{ki, a) =c n K / t^ttQ i — 12 11 




y i i=i 
d 2 w{r — w)(s — w) 
\y(w)\ 2 




ik-X\ 



-— (dX(r+) ■ dX(r-)8X(s+) ■ dX(s-)T] e ik ' x 
16 x 

~ (dX(r+) ■ dX{r-)dX{s+) ■ dX(s-)) (l[e ik - x )} , (37) 
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where c/j is an overall constant which should be fixed by unitarity and K is 
the standard kinematic factor (for = efe^) ITo] ITo]: 

K = K R -K L , (38) 

K R = -^(stex ■ e 3 e 2 • e 4 + sue 2 ■ e 3 ei • e 4 + twei • e 2 e 3 • e 4 ) 

+ ^ s (ei • he 3 ■ k 2 e 2 ■ e 4 + e 2 • fc 3 e 4 • fo^i • e 3 
+ei ■ A; 3 e 4 ■ £; 2 e 2 • e 3 + e 2 ■ k 4 e 3 ■ k x e\ ■ e 4 ) 

+ - 1 (e 2 ■ fcie 4 ■ fc 3 ei • e 3 + e 3 ■ fc 4 ei ■ fc 2 e 2 • e 4 
+e 2 ■ fc 4 ei ■ A; 3 e 3 • e 4 + e 3 ■ fcie 4 ■ k 2 e 1 ■ e 2 ) 

+ - u (ei • fc 2 e 4 • fc 3 e 2 • e 3 + e 3 • A; 4 e 2 • k^ ■ e 4 

+ei • fc 4 e 2 • fc 3 ei • e 4 + e 3 • /c 2 e 4 • fc^i • e 2 ), (39) 
K L = ^(e^e). (40) 

Here s, t and u are the standard Mandelstam variables for the 4-gravitons. 
Defining t^^^^ as follows: 

J^R — i ^iu 1 fi 2 i'2^3fJ.4U4, t l ft l fc 2 ^2 fc 3 ^3 fc 4 "-4 j V^-U 

the i? 4 term is given as follows: 

p4 j-Ml^lM21 / 2M3^3A'4V4j.piCTiP20'2P30-3P40-4 E> E> D D 

-11' — t- t -^/^i^ipicri- r >'^(2^2P20"2- rl 'M31 / 3P3a'3- rl 'A 1 4^4P40'4- 

(42) 

The other functions appearing in (J57)l are 

tv - \ f d 2 zid 2 z 2 \zi — z 2 \ 2 

T{ai,ai) = / — — , 43 

which is proportional to the determinant of the period matrix (see ref. |15j). 
and 

1 6 1 1 1 3 1 1 

I{r) = —Y— — --E— — 

2f^ j r-a i r-a j 4 r - ai r - aj 

1 / 6 1 3 1 \ 4 1 

1 V- 1 5 ^ 1 5 i nn 

+-> V V — — In T, (44) 

4 ^ r _ a i f^i r ~ a i 4 fel r _ a i da i 
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We will discuss the property of the above amplitude in the next section. 

Green and Gutperle [T7] have studied the effects of D-instantons. They 
conjectured that there are perturbative corrections to the R A term only from 
one-loop. Green and Sethi ^Hj proved this conjecture from the SUSY con- 
straints on type IIB supergravity. In [TH], Green, Gutperle and Vanhove 
argued the vanishing of the perturbative correction to the R 4 term by using 
the one loop amplitude in eleven dimensions. If our computation is correct 
we should expect a zero contribution from two loops. We will discuss this 
issue in the next two sections. 



4 Explicit modular invariant 4-particle am- 
plitude 

In we get an explicit modular invariant 4-particle amplitude 3 : 

ATJ n K f nlid 2 A ^ ^Z l {r-Z l ){s-Z l ) 
AII = c n K I H FC77 ^— 



T 5 U^\A^f- = \ \Y{Z l 

i=l i<j=l 

, , 5 / 7i f d 2 v(r — v)(s — v)\ , . ir , 

x { Wr) Jm(.) + j [ty^ J \Y(vr 1 > ■ <45) 

where Im( x ) is given as follows: 

l 6 1 1 6 1 1 i 6 i 4 i 

Im{x) = i E (x _ A . )2 -iY, x _ A . x _ A . - gE^r^-g^^ 

1 ^ _J L_ -1 T f4frt 

+ A k ^ =l x-Z k x-Z l A^x-AdA 11 ' 1 ' 

Again, r and s are arbitrary and the result does not depend on them. 

By using the above formula, one can prove that the 4-particle amplitude 
is finite. We refer the reader to ESS for details. 



3 For simplicity we set k — > everywhere except in the kinematic factor. The derivation 
also goes with non zero k. 
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5 The vanishing of the 4-particle amplitude 
in the limit k — > 

In this section we present the proof of the vanishing of the perturbative 
correction to the R 4 term at two loops by Iengo |23]. The method used is a 
direct calculation of the obtained integral in moduli space. 

First we take the two insertion points to be r = z\ and s = z\. A Then we 
set z\ — > oo, z\ — > and z\ = x and see how the integral varies with x. By 
making these choices we have: 



AIIq — —x\x\ 2 
where 

d/i 



d/i 



d z z 



\y(z)y(o)y(x)\ 2 

ntid 2 a, 



RL — — L — x R + — 

x x 



(47) 



T 5 n 
i 



6 

i<j 



i=l 



1 b 1 1 



(48) 
(49) 



It can be checked that AIIq is independent of x, by rescaling the integration 
variables, and that the integral is convergent, by the same analysis summa- 
rized in the Sect. 3 of ref. j2H| (see the tables there). 
We begin by observing that: 



\y 



1 6 i 
-E- 



E 



d 



i dai \y 



(50) 



Therefore, the following identity holds for an integral expression which we 
call Q: 



Q 



d/i 
d/i 



d z z 



I y(z)y(0)y(x) p 



1 E 1 

2 Yfli 



(L-x) 



2/(0) | 2 Y dai \y{z)y(x)\ 2 ' 



We change all to 2j and ^4^ to a^. 



(51) 
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by integrating by parts and observing that X)f =1 
Also, 

L — x 



a i 

9a« T 5 [[\ai- aj \ 2 



-(L-s) 



. |y(^)2/(^)| 2 
Thus, by integrating by parts in d 2 z we get 



d2 _(L-x)_ 

' \y(0)y(z)\* 



d_ d_ 

dz dx 



l-z— 

dx 



\y(z)y(x)\< 



\y(x) 



(53) 



(54) 



The result of the above steps is that: 



hi 



d 2 z 



\y(tyy(z)y(x) 



;R(L - x) 



2 (L — x) 



d l z 



/ d/i /~~ \y(0)y(z)\ 2 



l-z 



d z 
dx z 



\y(x) 



:{L-x). 



\y(0)y(z)y(x)\ 2 ^ ~ r (55) 

By using the previous results, we see that we can write our amplitude AII 
in the following form: 

d 2 z zL 



Alio = x\x\ 



— \x\ 



d_ 1 

dx x 

— + - 

dx x 



\y(z)y(0)y(xW 

/{ d 2 z z 



\y(z)y(0)y(x 

Now we perform a rescaling of the integration variables: 



z — > xz, 



and we have 
dfi 



5 We note that 



d 2 z z L 




1 


\y(z)y(0)y(x) 
d 2 z z 


2 


\x\ 2 

1 


y(z)y(o)y(x) 


2 


x\x\ 


J d 2 a^rf(a,a) 


1 

X = 

a n 


I* 



dfi 



d 2 z zL 



\y(z)y(p)y(i)\< 



d 2 z z 



\y(z)y(0)y(l)\< 



da 



f(a,a) x 



(56) 

(57) 

(58) 
(59) 

(52) 



may not exactly integrate to 0. One should carefully study the singularity at a = 0. 



12 



Noting that 



— + - 

dx x 



- = 0, (60) 

x 



we conclude that the amplitude AII is zero, and therefore there is no per- 
turbative contribution to the invariant R 4 term at two loops. 

This is in agreement with the indirect argument of Green and Gutperle 
[T7j . Green, Gutperle and Vanhove [TH], and Green and Sethi fTS] that the R 4 
term does not receive perturbative contributions beyond one loop. Recently, 
Stieberger and Taylor j20] also used the result of [IB] to prove the vanishing 
of the heterotic two-loop F A term. For some closely related works we refer 
the reader to the reviews [2TJ|22|- 

6 Recent works at two-loop superstring: work 
done with Zhu-Jun Zheng and Jun-Bao Wu 

The problem with previous gauge fixing is the residual dependence on the 
insertion points. This is due to the non-supersymmetric projection of super- 
moduli to (even) moduli. In some recent papers 12S1 I2H 12H] , D'Hoker and 
Phong carried out a new supersymmetric gauge fixing for the two-loop case. 
The even moduli are super period-matrix. For a recent review see ref. 
We have done explicit computations by using the newly obtained results for 
the cosmological constant and n-particle amplitude for all n < 4. Here we 
will briefly present the main results and refer the reader to [3UJ EH E2] for 
full details. We note that D'Hoker and Phong also do these computations 
by using ^-function formalism and the split gauge which is different from 
our choice of the gauge [UHl EH) • Although the final results are exactly the 
expected, their computation is quite difficult to follow because of the use of 
theta functions. 6 Also modular invariance is absurd in their computations 
because of the complicated dependence between the 2 insertion points (the 
insertion points are also spin structure dependent). Of course the final result 
should be independent on the gauge choice. 



6 In |H5| . the two-loop 4-particle amplitude was also computed by using theta functions. 
Its relation with the previous explicit result ^Bj has not been clarified. 
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6.1 Some conventions and formulas 

We will follow the notations of D'Hoker and Phong [23 [23 [23 123 121 ■ Here 
in this subsection we will list some conventions and all the relevant formulas 
needed to do explicit computations for the 4-particle amplitude at two loops. 

In the following we will give some formulas in hyperelliptic representation 
which will be used later. First all the relevant correlators are given by 7 

(^{z)r{w)) = -5^G 1/2 [5]{z,w) = -6^S s {z,w), 
{b(z)c(w)} = +G 2 (z,w), 

(P(z)lH) = -G 3/2 [8](z,w), (61) 



where 



of \ 1 U(z)+U(w) 

S s {z,w) = (62) 

z ~ w 2^u{z)u{w) 



3 



z-A,\ 1/2 



«w=n(^) . ( 63 ) 



i=l 

3 



G 2 (z,w) = -H(w,z) + ^ H(w ,p a ) w a (z, z), (64) 

a=l 

H(w,z)= , 1 , (l + V M) Vj rl, (65) 

G 3/2 [5](z,w) = -P(w,z)+P(w,q 1 )Mz)+P(w,q 2 )Mz), (66) 

P(w,z) = -^Ss(w,z)Q(z), (67) 

where Q(z) is a holomorphic abelian differential satisfying Q(q 12 ) ^ and 
otherwise arbitrary. These correlators were adapted from [HE]. zu a (z,w) are 
defined in [23 and ip* 2 (z) are the two holomorphic |-differentials. When 
no confusion is possible, the dependence on the spin structure [5] will not 
be exhibited. The formulas for the (X(z)X(w)) and related correlators are 
given in Appendix A. 

In order take the limit of x± j2 — > qi )2 we need the following expansions: 

G 3/2 (x 2 ,x 1 ) = ipl(x 2 ) - ipt(x 2 )fff 2 (x 2 ) + 0(xi - qi), (68) 

Xi — qi 1 

G 3/2 (xi,x 2 ) = ^2(^1) - $j (^l)/J/2 faO + °( x 2 ~ &)> ( 69 ) 

x 2 - q 2 1 



7 We follow closely the notation of |2fi| . 
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for x 12 — > 9i,2- By using the explicit expression of G 3 / 2 in (ffiljj) we have 



mi*) 



+ ^ 2 *(g 2 ), 



5(?i,g 2 ) 



(70) 
(71) 



The quantity ^*(z)'s are holomorphic ^-differentials and are constructed 
as follows: 



a = 1,2. 



For z = g 12 we have 



d^(q 2 ) = -d^iqi) = S( gi ,q 2 ) = -S^q), 



^?(g 1 ) = ^(g 2 ) 



;Ai(g), 



^(gx) = = ^S?(g) + iA?(g) + -A 2 (g), 



where 



A„(i) 
S n [x) 



E 

3 

E 

i=l L 



1 (x 0"l) n 
1 

fx - A) 



1 



(x - Si) r 



(72) 

(73) 
(74) 

(75) 

(76) 

(77) 
(78) 



for n — 1,2. This shows that dipu(qa+i) and d 2 ip^(q a ) are spin structure 
dependent. 

For correlators of the X field we refer the reader to ref. E21 for details. 



6.2 The result of D'Hoker and Phong 

The measure obtained in (2H1 12H1 EH I2H] is 

izji + + ;r 2 + x 3 + x 4 + x 5 + x 6 y 



A[S] 

z 



det u^jijpa) 
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(79) 



and the Xi are given by: 

C l C 2r 



X\ + x§ 



16tt 2 



■(i>( qi )-dX( qi )i;(q 2 )-dX{q 2 )) 



-d qi G 2 (qi, q2)dtpl(q 2 ) + d q2 G 2 (q 2 , qi)dip%(qi) 
f (i) 

'3/2 



+2G 2 (q 1 ,q 2 )dr i (q2)fff 2 (q2) ~ 2G 2 (q 2 , gi)^ 2 *(gi)/ 3 ( ^(gi) 



1a2 



<^2 + <^3 



8tp 



Ss{qi,q2) 



x $3 9a) 

a=l 

I 2 3 



(T(p a )) + B 2 (p a ) + B 3/2 (p a 



Xa 



8tt 2 



a=l 



^(gi, gz) X! ln e (p°> qi) w l(q^) 



+d Pa d q2 lnE(p a , g 2 )^a(gi! 



1a2 3 r 



An 



167T : 



E 



^a(gi, g2) • 



a=l 

-Ss(Pa,q2)d Pa S s (pa,qi 



Furthermore, B 2 and i?3/ 2 are given by 



B 2 (w) 
By 2 {w) 



-2 ^ d Pa d w In E(p a , w)w* a ( 



w 



a=l 



2 3 
E G 2(w, q a )d qa ip* a {q a ) + -d Qa G 2 (w, q a W a {q a , 

a=l / 



(80) 



(81) 



(82) 



(83) 



(84) 
(85) 



In comparing with [27] we have written X 2 , X 3 together. We also note that 
in eq. (J81|) the three arbitrary points p a (a = 1,2,3) can be different from 
the three insertion points p a 's of the b ghost field. The symbol w a is obtained 
from zu a by changing p a 's to p a 's. In the next subsection we will take the 
limit of pi — > q\. In this limit we have w 2i 3(gi, g 2 ) = and w\{ y q\,q 2 ) = — 1. 
This choice greatly simplifies the formulas and also make the summation over 
spin structure doable. 
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6.3 The vanishing of the cosmological constant and 
non-renormalization theorem 



Before we do any computation of the amplitude we list some useful formulas: 

y 2 (Pi) (5-P2X5-P3) 



^1(51,52) = 
^2(51,52) = 
^3(91,92) = 



y 2 (q) (pi 



p2){Pl-pz) 



V 2 (P2) (q-pi)(q-ik) 



y 2 (q) ip2 -Pi)(p2 -Pz) ' 
y 2 (Ps) (q - Pi)(q - P2) 



(86) 
(87) 



and 



vo\{u) = 



y 2 {q) (p3 -Pi)(p3 -P2) ' 
y(pi) ( u Pi - \{u + Pi)(p 2 +P3) +P2P3) 



y(u) 

y(pi) 
y(u) 



(pi -P2)(pi -ps) 



l + -(u- Pl ) 



1 



J'i - Vi + P\-Pz, 



w* 2 {u) 
wl{u) 



y(P2) (UP2 ~ \{U + P 2 ){PZ +Pl) +P1P3) 

y(u) (p2 -Pz){P2 -Pi) 

yips) (UP3 - |(« + P3)(P1 +P2) +P1P2) 

y(u) 



(89) 
(90) 
(91) 



(P3 -Pl)(P3 -P2) 

We note here that wi(q±, q 2 ) = —1 and ^2,3(91, 92) = in the limit pi — > gi^. 

The strategy we will follow is to isolate all the spin structure dependent 
parts first. As we will show in the following the spin structure dependent 
factors are just S(qi, q 2 ), d q2 S(qi, q 2 ) and the Szego kernel if we also include 
the vertex operators. Before we do this we will first write the chiral measure 
in hyperelliptic language and take the limit of pi — > q±. 

Let's start with X 5 . We have 



(S(z, qi)d z S(z, q 2 ) - S(z, q 2 )d z S(z, q^) 



A(z - q) 



-Mz). (92) 



So the spin structure dependent factor from A5 is effectively S(z+, z—) as 
shown by the following formulas: 



S(qi,q 2 ) = -S(q 2 ,qi) = -S^q) , 
d q2 S(qi,q 2 ) = -d qi S(q 2 ,qi) = --S 2 (q) . 



(93) 
(94) 
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For X 4 , the spin structure dependent factor is simply Si(q) oc S(qi,q 2 ) 
as \nE(p a ,q b ) and w*(qb) are spin structure independent and their explicit 
expressions will not be given here. 

For X 2 + X 3 , we first compute the various contributions from the different 
fields. The total stress energy tensor is: 

T(z) = ~:d g X(z)-d e X(z):+^:iP{z)-d g ^{z): 

- : (dbc + 2bdc + ^7 + ^P&y)(z) : 

= T x (z)+T f (z)+T bc (z)+T Pl (z), (95) 

in an obvious notations. The various contributions are 

T x (w) = -1071H, (96) 

W = 5g l/2 (w) = ^(S 1 (w)) 2 , (97) 

T bc {w) = g 2 (w)-2d w f 2 (w), (98) 

3 

Tfa(w) = -g 3 /2(w) + -d w f 3/2 (w), (99) 



where 



o 3 

f 2 (w) = --A 1 (w) + '£H(w,p a )zn a (w,w), (100) 

4 a=l 

h(w) = ^Al(w) + ^A 2 (w) 

+ g if (w> * Ww> «,) (— L_ + _L_ _ Al H ) , (ioi) 

+^4s(w, qi )di.- 1 (w) + 9Ms(w,q 2 )d^(w). (103) 

As we said in the last section we will take the limit of w — > q±. In this 
limit Tpy(w) is singular and we have the following expansion: 
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The dependence on the abelian differential Q(z) drops out. These singular 
terms are cancelled by similar singular terms in B 3 / 2 (w). By explicit compu- 
tation we have: The dependence on the abelian differential Q(z) drops out . 
These singular terms are cancelled by similar singular terms in B 3 / 2 {w). By 
explicit computation we have: 

B 3/2 (w) = + - -Al(q) + -A 2 (q) 

{w — q\Y w — qi 4 4 

1 (q ~ P2){q ~ Ps) 



q (pi -P2){pi -ps) 

1 {q-P2){q-pz) 



A 1 (g) + ...J 

+ ... ) +0(w-q 1 ). (105) 



.(pi - q) 2 (pi -P2)(pi -P3) 

where ... indicates two other terms obtained by cyclic permutating (p 1; p 2 ,P3}- 
By using the above explicit result we see that the combined contributions of 
T ( g 7 (w) and B 3 / 2 (w) are non-singular in the limit of w — > q\. We can then 
take pi — > qi in X 2 + X 3 . In this limit only a = 1 contributes to X 2 + X 3 . 
This is because ^2,3(91, #2) = and z&i(qi,q 2 ) = —1. Ti(w) and T bc {w) are 
regular in this limit and spin structure independent. In summary, the spin 
structure dependent factors from X 2 + X 3 are the following two kinds (not 
including the vertex operators which will be consider later in section 6): 

5 1 (g)oc5(g 1 ,g 2 ), and (Si(g)) 3 . (106) 

Here we note that if we don't take the limit of w — > q\ (or w —>■ q 2 which 
has the same effect), the spin structure dependent factors from X 2 + X 3 would 
be much more complicated. For example we will have a factor of the following 
kind: 

sMiSiMf. (107) 

The summation over spin structure with this factor will give a non-vanishing 
contribution and it makes the computation much more involved. See [31] for 
details. 

Finally we come to X\ + X e . By using the explicit results given in eqs. 
J2IMZ3}, we have 

X x + X 6 = (dX( qi )-dX(q 2 ))S( qi ,q 2 ) 

-(d gi G 2 (qi, q 2 ) + d q2 G 2 (q 2 , gi))S(gi, q 2 ) 
+2(G 2 (q 1 ,q 2 ) + G 2 (q 2 ,q 1 )) 

x(dr{qi)S(qi,q 2 )-d q2 S( gi ,q 2 )). (108) 
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As G 2 (qi, q 2 ) is spin structure independent, we see that all the spin structure 
dependent factors are the following two kinds: 

S(qi,to) = ±S 1 (q), (109) 

and 

d q2 S( qi ,q 2 ) = ~S 2 (q). (110) 

Here it is important that the factor dipl(q 2 ) cancels the factor S(qi,q 2 ) ap- 
pearing in the denominator of fy\(q2)- 

From all the above results we see that all the spin structure dependent 
parts (for the cosmological constant) are as follows: 

CtStiq) + c 2 S 2 (q) + c 3 St(q) + ]T d a S 1 (p a ). (Ill) 

a=l 

In computing the n-particle amplitude there are more spin structure factors 
coming from the correlators of ip. They will be included at appropriate places. 

The vanishing of the cosmological constant is proved by using the follow- 
ing identities: 

E^AW=o, (112) 

8 

J2vsQ8S!(x)=0, (113) 

for n = 1, 2 and arbitrary x. 

For the non-renormalization theorem we need more identities. For gravi- 
ton and the antisymmetric tensor the vertex operator is (left part only): 

Vi(k h e u Zi) = (e • dX( Zi ) + iki ■ e t ■ 4>( Zi )) e^*^. (114) 

Because the vertex operator doesn't contain any ghost fields, all terms involv- 
ing ghost fields can be explicit computed which we have done in the above. 
For the computation of amplitudes of other kinds of particles (like fermions), 
one either resorts to supersymmetry or can use similar method which was 
used in jSHlEni- 

By including the vertex operators we need to consider the following extra 
spin structure dependent terms: 

from^i + ^: (i'(qi)i'(q2)Y[k i -^(z, i )e i -ip(z i )), (115) 

i 

from X 2 + X 3 : S^q) i^{q x ) ■ ij>(q x ) ]J h ■ ^{ Zi ) e t ■ ^{ Zi )). (116) 
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The other terms are just the direct product of eq. with the correlators 

from the vertex operators (Yliki ■ ip(zi)e ■ tp(zi)). Let's study these direct 
product terms first. 

To prove the non-renormalization theorem we restrict our attention to 3 
or less particle amplitude. For the 3-particle amplitude we have 

3 

(Y[ki ■ ip(zi) e ■ ip{zi)) oc £7(21, z 2 )S(z 2 , z 3 )S(z 3 ,z 1 ) + (other terms). (117) 
i=i 

By using the explicit expression of S(z\, z 2 ) we have 



S(zi,z 2 )S(z 2 , z 3 )S(z 3 ,z 1 ) 



+ 



8z± 2 z 23 z 3 i 



2 + 



u(z x ) u{z 3 ) 



ujzj) u(z 2 ) 
u(z 2 ) u(zx) 
u(z 2 ) u(z 3 ) 
u(z 3 ) u(z 2 ) 



118) 



u(z 3 ) u(zi)_ 

These factors combined with the other factors in eq. (jlllj) give vanishing 
contribution to the n-particle amplitude by using the following "vanishing 
identities" : 

u{z x ) u{z 2 ) 



u{z 2 



u{z x ) 



S n {x) = 0, 



n = l,2, 



119) 



5 l U ( Z V U ( Z V) 



n = 2,3. (120) 



These identities can be proved by modular invariance and simple "power 
counting" which were explained in detail in [31] . 

The terms in eq. flll5[) have already been discussed in [Tl]. Here we 
briefly review the argument. We have 

M<?iM<?2) Y[h ■ ip{zi) e ■ ip(zi)) oc S(q 1 ,Zi)S(z 1 ,z 2 )S(z 2 ,z 3 )S(z 3 ,q 2 ) H . 



By using the explicit expression of S(z, w) and note that u(q 2 
have 

- r w(<?i) u(zi) 



(121) 
-u(qi) we 



£7(gi, 2i)£?(;zi, z 2 )S(z 2 , z 3 )S(z 3 , q 2 ) oc ^ 

i=l L 

| u{zi) _ u(z 2 ) u(zi) u{z 3 ) 



u(zi) u(q{) 



u(z 2 ) u{z-i) u(z 3 ) u(zi) 
| u{z 2 ) _ u{z 3 ) u{qi)u(z 2 ) u{zi)u{z 3 ) 



u(z 3 ) u(z 2 ) u{zx)u{z 3 ) u{q 1 )u{z 2 )' 



(122) 
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These terms also give vanishing contributions as we can prove the following 
identities: 

lW^-!M)=o, (123) 

V- n j u(zi)u(z 2 ) u{z 3 )u{z A ) \ 

2^ VsQs < ( w v 7 w v > = 0. (124) 

s \u(z 3 )u(z A ) u(z 1 )u(z 2 ) J 

These identities were firstly proved in |2] • The proof is quite simple by using 
modular invariance. For example we have 



8 

1 



u(zi) _ u(z 2 ) 
u(z 2 ) u(zx) 



— , f 3 3 

, /( - ) , /U2 y E VsQs { H(zi - Ai)(z 2 - Bi) - - Bi)(z 2 - Ai 



5 U=l i=l 



^ ( Zl -^ 2 )P( a ) 

y(zi)y(z 2 ) 

which must be vanishing as the degrees of the homogeneous polynomials (in 
ai and Zj) don't match. Here we have used again the modular invariance of 
the above expression. 8 

The last term we need to compute is the term in eq. We have 

(: z/>(<?x) ■ d^( qi ) Hh- e ■ z/>(^)) c = K(l, 2, 3) 

i 

x(S(x,zi,z 2 ,z 3 ) + S(x,z 2 ,z 3 ,zi) + S(x,z 3 ,z 1 ,z 2 ) 
-S(x, zi, z 3 , z 2 ) - S(x, z 2 , zi, z 3 ) - S(x, z 3 , z 2 , zi)), (128) 



8 The minus sign in eq. 1123(1 makes the expression invariant under the all the modular 
transformations. With a plus sign the expression is only invariant under a subgroup of the 
modular transformation. Nevertheless eq. (|123fl is still true with a plus sign. The explicit 
results are: 

E^(^ + ^H)=0, (126) 

n f u(z 1 )u(z 2 ) u(z 3 )u(z 4 ) \ 2P(a)z 13 z 14 Z23Z24Ylt=i( a i " z i) / 197 n 
^ WS \u(z 3 )u(z 4 ) + u(z 1 )u(z 2 )j nUMzi)flL>(°i-°i) 
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where 

K(l,2,3) = ki ■ e 3 k 2 ■ e x k 3 • e 2 - h ■ e 2 k 2 ■ e 3 k 3 ■ e 1 
+h ■ k 2 (k 3 ■ e x t 2 -e 3 -k 3 - e 2 ei • e 3 ) 
+k 2 ■ k 3 (kx ■ e 2 e 3 ■ e x - h ■ e 3 e 2 ■ ex) 
+k 3 ■ k x (k 2 ■ e 3 ei ■ e 2 - k 2 ■ t x t 3 ■ t 2 ). (129) 

We note that K(l, 2, 3) is invariant under the cyclic permutations of (1,2,3). 
It is antisymmetric under the interchange 2^3. We have used these prop- 
erties in eq. ()128|) . 

To compute explicitly these expressions we first note the following: 

a q / \ _ 1 u(z)+u(x) S^x) u(z)-u(x) . . 

U x O \Z, X) — — - — = — - - , — ■ 

2(z-x) 2 ^u( z )u(x) 8(z-x) ^ u (z)u(x) 

In order to do the summation over spin structure we need a "non-vanishing 
identity" . This and other identities needed in the 4-particle amplitude com- 
putations are summarized as follows: 

^ \u{z 3 )u{z 4 ) u{z 3 )u(z A )\ 



s 



2P(a)ntin J 4 =3 (^-^)nti(^-^ 



x Cn,m) (131) 



where 



Ci,i = 1, (132) 
C 2il = -2{z 1 + ~z 2 -~z 3 -~z i ), (133) 

C 1>2 = A x (x)-^4, (134) 

k=l 

4 

C 3)1 = 2A 2 (x) - Aj(x) + 2A 1 {x) £ z k 

k=l 

+4 {z x z 2 - 2{li + z 2 )(z 3 + z 4 ) + z 3 Zi) 

= C 3tl (zi,Z2,Z 3 ,Z4,x), (135) 

1 , \ 

Zk = , (136) 

x - z k 

P(a) = ( 137 ) 

i<j 

23 



Ci i and Ci >2 were derived in (TB]. Although other values of n,m also gives 
modular invariant expressions, the results are quite complex. 9 Fortunately 
we only need to use the above listed results. 
By using these formulas we have: 

EvsQsS(x,z 1 ,z 2 ,z 3 )S 1 (x) = -^^ ) U^. (138) 

We note that the above formula is invariant under the interchange <-> Zj. 
By using this result and eq. ()128|) . we have: 

3 

E VsQ S S(qi, q 2 ) (il>(qi) • tyfa) J[ K ■ ^(z^ ■ ^( Zi )) s = 0. (139) 
s i=l 

This completes our verification of the non-renormalization theorem at two 
loops. 

6.4 The 4-particle amplitude 

To explicitly compute the 4-particle amplitude we need the following sum- 
mation formulas: 

E VsQe S n (x)S(z 1 , z 2 , z 3 , z 4 ) = J2i] 5 Q 5 S n (x)(S(z u z 2 )S(z 3 , z 4 )) 2 
s s 

= £Wn£iit/ 1 ' n = 1 > run) 

y 2 (x)l\y(z t ) \&i(x)-EUz h n = 2. { ' 

^2r) S Q s {S(x, Zt)S(zi, z 2 )d x S(z 2 ,x) + (z x z 2 )) {S(z 3 , z 4 )) 2 Sx(x) 



s 



U , s (^14^23 + ^13^24) , (141) 



lGy 2 (x) f- = \ y(zi) 
V5Qs(S(x, zi)S(z 1 , z 2 )S(z 2 , z 3 )S(z 3 , z^)d x S(z 4 , x 



s 



+ (zi Zi Z 2 23)) Si{x) = T^-^T , TT X I V ^14^23, (142) 

16 r (x) ^1 y(^) 



E VsQsiSiz!, z 2 )S(z 3 , 2 4 )) 2 (S'i(a;)) 



3 



9 This is due to the non-vanishing of the summation over spin structures when we set 
z\ = Z3 or Z\ — Z4, etc. 
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+4 Z k Z l ~ Qz l Z 2 ~ QZ 3 Z A 

\k<l J _ 

VsQsSizi, z 2 )S{z 2 , z 3 )S(z 3 , z 4 )S(z 4 , z^iSnix)) 3 




s 




(143) 



The first formula was derived in E3- All the rest formulas can be de- 
rived by using the formulas given in eqs. (J132j) - (J135|) and eq. ()13U|) for the 
derivative of the Szego kernel. 



After a long calculation we have the following expression for the chiral 
integrand [HOJ E2J : 

A = cu (dX( qi )+X(q 2 )) ■ (dX( qi )+dX(q 2 )) : 



where K(ki,€i) is the standard kinematic factor appearing at tree level and 
one loop computations [3J EH EH • Here we used the explicit correlators for 
(dX(z)dX(w) and (dX(z)X(w, w) given in (23113]. As it is expected, the 
find result is independent on the insertion points q\ y2 and p a 's. 

For type II superstring theory one can combine the left part and the right 
part. The final result would be as follows: 




x(s(z 1 Z 2 + Z 3 Z A ) + t(ztZ4 + Z 2 Z 3 ) + u{z X Z 3 + Z2Z4)), 



(144) 



A 4 



K{k h ei){: (dX( gi )+dX(q 2 )) ■ {dX{q x ) + dX(q 2 )) 
x (9X(pO + dX(p 2 )) ■ (dX(p 1 ) + BX(p 2 )) : 




x\s(z 1 z 2 + z 3 Zi) + t{z\z± + ^2-23) + u{z\Zz + z 2 z 4 )\ 2 . (145) 
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The amplitude is obtained by integrating over the moduli space. At two 
loops, the moduli space can be parametrized either by the period matrix or 
three of the six branch points. We have 



where cjj is a constant which should be determined by factorization or unitar- 
ity (of the S- matrix). The amplitude is an integration of the above integrand 
over the moduli space. 

An immediate application of the above result is to study the perturbative 
correction to the i? 4 term at two loops. In the low energy limit fcj — > 0, the 
chiral integrand is also apart from the kinematic factor because of some 
extra factors of s, t and u in eq. (|145|) . This confirms the explicit computation 
of Iengo j21j by using the old result [HUES], an d it is in agreement with the 
indirect argument of Green and Gutperle ^7] , Green, Gutperle and Vanhove 
|X9j, and Green and Sethi [THj. Our new result also explicitly verifies the 
claim given in the the Appendix B of |2()j . 
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